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It is always interesting to investigate how well can a future experiment perform with respect to
others (present or future ones). Cosmology is really an exciting field where a lot of puzzles are still
unknown. In this article we consider a generalized dark energy (DE) scenario where anisotropic
stress is present. We constrain this generalized cosmic scenario with an aim to investigate how
gravitational waves standard sirens (GWSS) may constrain the anisotropic stress, which according
to the standard cosmological probes, remains unconstrained. In order to do this, we generate
the luminosity distance measurements from O(103) mock GW events which match the expected
sensitivity of the Einstein Telescope. Our analyses report that, first of all, GWSS can give better
constraints on various cosmological parameters compared to the usual cosmological probes, but the
viscous sound speed appearing due to the dark energy anisotropic stress, is totally unconstrained
even after the inclusion of GWSS.
PACS numbers: 98.80.-k, 95.36.+x, 95.35.+d, 98.80.Es
1. INTRODUCTION
The thrilling chapter of modern cosmology begun with
the late-time accelerating phase of our universe [1]. This
accelerated expansion is usually ascribed by the intro-
duction of some exotic fluid with high negative pressure.
This exotic fluid could be either some dark energy fluid
(in the context of Einstein’s general theory of gravity) [2]
or some geometrical dark energy (coming from the mod-
ified gravity theories) [3, 4, 5]. In this article we confine
ourselves into the first approach, that means, dark energy
fluid. In other words, our discussions will be restricted
to the Einstein’s gravitational theory. Within the frame-
work of general relativity, a cluster of dark energy models
(see [2] for various dark energy models) have been intro-
duced in the literature, however, most of them are basi-
cally the variations of either the cosmological constant or
some scalar field theory [6]. These variations naturally
include different kind of couplings between the matter
components of the universe [7, 8, 9], couplings to the
gravitational sector [10, 11], or some non-canonical scalar
field models, such as tachyons [12, 13, 14, 15, 16, 17], K-
essence [18] etc. All such models are usually directed to
explain the late accelerated expansion of the universe.
Having a number of different dark energy models, it is
quite natural to examine some important features of the
dark energy models that might be able to discriminate
between them, or alternatively, such features might be
able to provide some potential techniques that may act
as a baseline to construct the dark energy models. Cer-
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tainly, the searching of these features are indeed worth
exploring based on the current cosmological research.
However, it has been already explored that in order
to rule out some dark energy models or to discriminate
between a number of existing dark energy models, the
background evolution is not sufficient at all. The evo-
lution of the models at the level of perturbations must
be considered into the picture in order to have a wider
understanding of the models. According to the theory of
general relativity, any matter component with equation
of state w 6= −1, where w = −1 denotes the cosmological
constant, must fluctuate. Thus, it is straightforward to
realize that any dark energy model with w 6= −1 should
have perturbations. However, it might happen that such
perturbations could be small enough depending on the
nature of the equation of state w. For example, if the
underlying dark energy fluid is smooth enough or if the
Jeans length of this dark energy is large, its perturbations
might be restricted to very large scales only. This kind
of feature is exhibited in minimally coupled quintessence
models because for such models the sound speed of per-
turbations, c2s, is equal to the speed of light, c
2
s = 1, which
consequently sets a large Jeans length [19, 20]. While on
the other hand, for some other dark energy candidates,
this does not usually happen [21, 22], and as a conse-
quence, one could differentiate between the dark energy
models.
Moreover, aside from the equation of state w and the
sound speed of perturbations c2s, one more important
characteristic of a cosmic fluid is its anisotropic stress
σ [23]. Although for a class of cosmological models in-
cluding minimally coupled scalar field and perfect fluids,
the anisotropic stress vanishes, however, it is a generic
property of realistic fluids with finite shear viscous co-
efficients [24, 25]. Let us note that while w and c2s re-
spectively determine the background and perturbative
ar
X
iv
:2
00
1.
02
18
0v
2 
 [a
str
o-
ph
.C
O]
  1
8 J
un
 20
20
2evolutions of the underlying cosmic fluid that is rota-
tionally invariant, the anisotropic stress σ actually gives
a quantification on how much the pressure of the cosmic
fluid varies with the direction. In fact, the perturbation
for anisotropic stress is very important for understand-
ing the evolution of inhomogeneities in the early universe
[23, 26, 27]. Thus, undoubtedly it is a natural question to
investigate whether the current observational data may
indicate for a nonzero anisotropic stress perturbations in
the dark energy dominated late-accelerating universe.
The effects of anisotropic stress, that may appear due
to possible viscosity of dark energy, have not been paid
much attention in the literature. The reason for neglect-
ing the anisotropic stress is that, for the conventional
dark energy fluids, such as the cosmological constant or
canonical scalar field models, σ = 0. But, that should
not be a logical case since there is no such fundamental
theory available yet that could correctly describe the ac-
tual dynamics of dark energy, hence, the assumption of
σ = 0 for any dark energy model, does not have any sense
anymore. Therefore, from an unbiased scientific point of
view, the presence of an anisotropic stress into the cos-
mic sector should be fairly considered and it is better to
examine its non-null character, if any, with the help of
recently available observational data. Some earlier anal-
yses have shown that coupled scalar field models have a
non-negligible anisotropic stress [24]. Additionally, dark
energy vector field candidates proposed in [28, 29] also al-
low nonzero anisotropic stress. Furthermore, some model
independent analyses [30, 31] has strongly argued that
a non-null anisotropic stress in DE should be present
according to the recent observational data. Therefore,
it is fairly clear that the generalized dark energy mod-
els including the anisotropic stress, should be investi-
gated in detail and several investigators, see for instance
[32, 33, 34, 35, 36, 37, 38] tried to model the anistropic
stress in various ways as well as confronted it with the ob-
servational data. In particular, the role of an anisotropic
stress was investigated in an interacting DE-DM scenario
[39].
In this article, our approach is very appealing. We
want to probe the anisotropic stress using the gravita-
tional waves data, detected recently [40, 41, 42, 43, 44].
In particular, we shall use the simulated gravitational
waves standard sirens (GWSS) data to constrain the
anisotropic stress with an aim to what future cosmolog-
ical probe can tell us. The simulated GWSS data have
already proved its super constraining power applied re-
cently to various cosmological models, see for instance
[45, 46, 47, 48, 49]. In fact, gravitational waves data are
believed to offer more information about the nature of
dark matter, dark energy and modified gravity theories
[50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64]. In
the recent past the effects of the GWSS data on various
cosmological theories and related key parameters have
been greatly studied and due to its growing interest in
the cosmological community as reflected in a series of
investigations performed by many investigators [65, 66,
67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80], it is
clearly realized that GWSS are in the limelight of modern
cosmology. Thus, the consideration of GWSS has signif-
icant effects on the dynamics of our universe. In this
article, we use the simulated GWSS data from the Ein-
stein Telescope [81] (see also a number of works focused
on this specific telescope [82, 83, 84, 85, 86, 87, 88, 89, 90,
91, 92, 93, 94, 95, 96, 97]), however, technically, one can
equally consider other observatories like Laser Interfer-
ometer Space Antenna (LISA) [98], Deci-hertz Interfer-
ometer Gravitational wave Observatory (DECIGO) [99],
TianQin [100]. In fact, it will be interesting to use dif-
ferent simulated GWSS data from all the above sources
with an aim to a detailed investigations in this direction.
The work has been organized in the following manner.
In section 2 we review the parameterization of a gen-
eralized cosmic fluid and introduce its connection with
anisotropic stress. In section 3 we describe the observa-
tional data, namely both standard cosmological data and
the simulated gravitational waves data. Then in section
4 we describe the extracted results obtained after using
varieties of observational (real and forecasted) datasets.
Finally, in section 5 we close the present work with the
main findings and comment on some future works that
should be performed along these lines.
2. PARAMETERIZING DARK ENERGY
STRESS: FLRW BACKGROUND
The energy momentum tensor of a general cosmic fluid
is defined as [26, 27]
Tµν = ρuµuν + phµν + Σµν , (1)
where p, ρ are respectively the pressure and energy den-
sity of the perfect fluid; uµ is the four-velocity vector of
this fluid, and hµν , the projection tensor is defined as,
hµν ≡ gµν + uµuν . The quantity Σµν in (1) may include
only spatial inhomogeneity which vanishes for a perfect
fluid, that means, Σµν ≡ 0. Additionally, for a homo-
geneous and isotropic universe, Σµν is also zero at the
level of background; in fact, in such a case, it denotes
the anisotropic perturbation at the first order. Thus, at
the background level, since Σµν = 0, the evolution of the
fluid (1) is determined by the continuity equation,
ρ˙+ 3H(p+ ρ) = 0. (2)
where H is the Hubble rate of the Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) universe. The condition for
the adiabaticity of a fluid is p = p(ρ), which tells us
that the evolution of the sound speed is determined by
the equation of state w = p/ρ, alone. However, being
the most general, the sound speed is defined as the ra-
tio of pressure to the density perturbations in the frame
comoving with the dark energy fluid, defined as
c2s,a ≡
p˙
ρ˙
= w − w˙
3H(1 + w) , (3)
3where an overhead dot represents the differentiation with
respect to the conformal time τ ; w being the equation of
state defined as w ≡ p/ρ; H = a˙/a is the conformal
Hubble parameter. We note that the relation between
the perturbations of δp and δρ is, δp = c2s,aδρ. However,
for an entropic fluid, the pressure p may not only de-
pend on the energy density ρ. In fact, there might have
another degree of freedom in order to describe the micro-
physical properties of the general cosmic fluid and such
microphysical property is usually encoded in the effective
speed of sound c2s,eff defined as
c2s,eff ≡
δp
δρ
|rf , (4)
in the rest-frame (‘rf’) of the underlying cosmic fluid. In
absence of entropic perturbation, c2s,eff = c
2
s,a. Therefore,
one may easily conclude that a perfect fluid is completely
characterized by two quantities, one is its equation of
state w and the other is its effective speed of sound c2s,eff .
However, aside from the previous quantities, namely, w
and c2s,eff associated with a cosmic fluid, one more impor-
tant quantity is needed in order to understand the cos-
mic fluid at the level of background and perturbations.
This quantity is the anisotropic stress σ, and it should
be considered into the cosmological framework even in
an isotropic and homogeneous FLRW universe, where
the anisotropic stress σ maybe taken as the spatial per-
turbation. This anisotropic stress actually distinguishes
between the Newtonian potential and curvature pertur-
bation in the conformal Newtonian gauge.
So, now one can calculate the evolution equations at
the level of perturbations for the above model considering
any gauge. We choose the synchronous gauge in this
article and using this gauge, the density perturbations
and velocity perturbations can be written as [101]
δ˙ = −(1 + w)
(
θ +
h˙
2
)
− 3H
(
δp
δρ
− w
)
δ, (5)
θ˙ = −H (1− 3c2s,a)+ δp/δρ1 + wk2δ − k2σ, (6)
where the anisotropic stress σ is related to Σµν (see eqn.
1) via (ρ+p)σ ≡ −(kˆikˆj−δij/3)Σij . Now, using the effec-
tive speed of sound, one can recast the above equations
as
δ˙ = −(1 + w)
(
θ +
h˙
2
)
+
w˙
1 + w
δ
−3H(c2s,eff − c2s,a)
[
δ + 3H(1 + w) θ
k2
]
, (7)
θ˙ = −H (1− 3c2s,eff) θ + c2s,eff1 + wk2δ − k2σ, (8)
where following Hu [23] we suppose that the anisotropic
stress σ satisfies the evolution equation
σ˙ + 3Hc
2
s,a
w
σ =
8
3
c2vis
1 + w
(
θ +
h˙
2
+ 3η˙
)
, (9)
where c2vis is the viscous speed of sound and it con-
trols the relation between velocity/metric shear and the
anisotropic stress. For a relativistic fluid, c2vis = 1/3.
For any dark energy fluid, c2vis acts as a free model pa-
rameter to be determined by the observational data. In
connection with that we recall a recent study [102] where
the authors argue that c2vis may have a dynamical nature,
and this is an interesting issue which should be further in-
vestigated in light of the presently available potential cos-
mological probes. In the present we shall however treat
c2vis to be a free parameter and following [26, 103], one
notices that the value of c2vis/(1 +w) should be positive.
This forces us to consider to different models, namely, (i)
the dark energy equation of state is in the quintessence
regime, that means, −1 < w < 0 (Model I) and (ii) when
the dark energy equation of state crosses the phantom
divide line, that means, w < −1 (Model II). Let us note
that for all the analyses that will be described in section
4, we adopted the adiabatic initial conditions similar to
the authors in Ref. [26].
3. STANDARD COSMOLOGICAL PROBES
AND THE GWSS DATA
We now proceed to extract the cosmological con-
straints using a set of usual dark energy probes and the
simulated gravitational waves standard sirens (GWSS).
In this section we shall describe the standard cosmolog-
ical data and then we will refer some works that de-
scribe the methodology to generate the mock GWSS.
In what follows we describe the standard cosmological
probes first.
1. CMB from Planck 2015: The cosmic microwave
background (CMB) data are one of the potential
data to probe the nature of dark energy. We use
the Planck 2015 measurements [104, 105] that in-
clude the high- and low- ` TT likelihoods (in the
multipole range 2 ≤ ` ≤ 2508) plus the high- and
low- ` polarization likelihoods. In the article we
refer this dataset as P15.
2. CMB from Planck 2018: We also consider the
latest CMB data from Planck 2018 final release
[106, 107]. In the article we refer this dataset as
P18.
3. BAO: We include the baryon acoustic oscillations
(BAO) distance measurements from different mea-
surements [108, 109, 110].
4. SNIa: We use the latest compilation of Pantheon
sample from Supernovae Type Ia (SNIa) [111]). We
4Parameter Prior (Model I) Prior (Model II)
Ωbh
2 [0.005, 0.1] [0.005, 0.1]
Ωch
2 [0.01, 0.99] [0.01, 0.99]
τ [0.01, 0.8] [0.01, 0.8]
ns [0.5, 1.5] [0.5, 1.5]
log[1010As] [2.4, 4] [2.4, 4]
100θMC [0.5, 10] [0.5, 10]
w [−1, 0] [−3,−1]
c2vis [0, 10] [−10, 0]
TABLE I: Flat priors set on various cosmological parameters
for the statistical analysis.
note that Supernovae Type Ia data were the first
astronomical data that signaled for the existence
of some hypothetical dark energy fluid in the uni-
verse’s sector. Thus, this particular data play a
very important role in dark energy analysis.
The methodology to generate the GWSS is described
by the present authors in [47] (also see [48]). The present
work deals with the same methodology as in [47, 48],
thus, we avoid the repetition here and directly refers
to [47, 48] for details. We would mark some important
points here. Using the methodology here for this work we
generate 1000 simulated GW data for our purpose. The
generation of 1000 GW data is as follows. We first con-
strain the cosmological scenarios using the usual cosmo-
logical probes, such as CMB, BAO, Pantheon. Then we
use the best-fit values of all the free and derived parame-
ters obtained from the standard cosmological probes and
assuming the present anisotropic dark energy models as
the fiducial models, and following exactly similar tech-
nique described in [47, 48] we generate the 1000 mock
GW data. Next we add these 1000 mock GW data to
these standard cosmological probes and constrain the un-
derlying cosmological scenarios. For the entire statistical
analysis we use the markov chain monte carlo package
cosmomc [112, 113] equipped with a convergence diag-
nostic by Gelman-Rubin [114]. The cosmomc code also
supports the Planck 2015 Likelihood [105] and Planck
2018 likelihood [106, 107] 1. Finally, in Table I we en-
list the flat priors on the cosmological parameters used
during the time of statistical analysis.
1 See http://cosmologist.info/cosmomc/., a freely available
code to extract the cosmological constraints.
4. RESULTS
In this section we describe the main results on the cos-
mological parameters for the two variants of the model,
namely, Model I (w > −1) and Model II (w < −1) using
various observational datasets. In particular, we focus on
the effects of GW data on the cosmological parameters.
Before we present all the extracted cosmological con-
straints from the present cosmological scenarios, we wish
to present the following. To generate GW catalogue, or
mock GW data, it is essential to consider the fiducial
model. Here, we consider Model I and Model II as the
fiducial models. Now, assuming Model I as the fiducial
model, we first constrain it using various observational
data summarized in Table II. Then considering the best-
fit values of all the free and derived parameters of this
model (Model I), and following [47, 48], we generate the
corresponding GW catalogue containing 1000 simulated
GW events. In Fig. 1 we show dL(z) vs. z (with er-
ror bars on dL(z)) for simulated 1000 GW events. We
use this catalogue as the forecasted dataset and include
them with the standard cosmological datasets, namely,
P15, BAO, Pantheon for the next step of the analysis. In
a similar fashion we generate simulated 1000 GW events
for the second model in this work and Fig. 7 shows the
corresponding dL(z) vs. z graphics. In what follows we
describe the observational constraints on each model con-
sidering the usual cosmological probes and the inclusion
of the simulated GWSS.
4.1. Model I: c2vis > 0, w > −1
In Table II we show the constraints on the model pa-
rameters for the usual cosmological probes and in Table
III we display the constraints on the model parameters
after the inclusion of the simulated GWs data with the
usual cosmological probes. Thus, Table II and Table III
summarize the main results on this model. In the fol-
lowing we become more explicit on the improvements of
the constraints, if any, after the inclusion of GWs to the
usual cosmological probes mentioned above.
Let us first focus on the constraints from P15 and
P15+GW. From Table II we notice see that for P15 data
alone the Hubble constant at present, i.e. H0 takes lower
value compared to ΛCDM based Planck but with high
error bars compared to what we find in ΛCDM based
Planck [1]. In particular, one finds that for P15 alone
H0 = 64.11
+3.22
−1.70 (68% CL). When the simulated GW
data are added to P15, the Hubble constant rises up
giving H0 = 66.94
+0.39
−0.38 (68% CL, P15+GW). One can
clearly see that the inclusion of GW to P15 significantly
reduces the error bars on H0. In fact, the error bars on
H0 are reduced at least by a factor of 5. This actually
5Parameters P15 P15+BAO P15+Pantheon P15+BAO+Pantheon
Ωch
2 0.1194+0.0014+0.0029−0.0015−0.0028 0.1177
+0.0012+0.0021
−0.0011−0.0022 0.1186
+0.0014+0.0025
−0.0012−0.0026 0.1178
+0.0010+0.0019
−0.0010−0.0019
Ωbh
2 0.02223+0.00015+0.00031−0.00016−0.00030 0.02236
+0.00014+0.00029
−0.00014−0.00028 0.02230
+0.00015+0.00030
−0.00015−0.00029 0.02236
+0.00014+0.00029
−0.00014−0.00028
100θMC 1.04073
+0.00033+0.00065
−0.00033−0.00066 1.04097
+0.00030+0.00059
−0.00030−0.00059 1.04083
+0.00031+0.00063
−0.00031−0.00061 1.04096
+0.00030+0.00058
−0.00030−0.00060
τ 0.081+0.017+0.033−0.017−0.034 0.089
+0.016+0.032
−0.017−0.032 0.083
+0.017+0.034
−0.017−0.033 0.087
+0.016+0.033
−0.016−0.032
ns 0.9654
+0.0045+0.0087
−0.0046−0.0090 0.9702
+0.0040+0.0077
−0.0039−0.0075 0.9677
+0.0042+0.0090
−0.0048−0.0088 0.9700
+0.0037+0.0075
−0.0038−0.0076
ln(1010As) 3.095
+0.033+0.063
−0.033−0.065 3.108
+0.032+0.063
−0.033−0.063 3.098
+0.033+0.066
−0.033−0.066 3.104
+0.032+0.064
−0.032−0.064
w < −0.854 < −0.737 < −0.953 < −0.904 < −0.973 < −0.942 < −0.974 < −0.946
c2vis unconstrained unconstrained unconstrained unconstrained
Ωm0 0.348
+0.018+0.060
−0.037−0.048 0.314
+0.007+0.017
−0.009−0.016 0.315
+0.009+0.018
−0.009−0.017 0.309
+0.006+0.013
−0.006−0.013
σ8 0.797
+0.032+0.049
−0.022−0.054 0.820
+0.017+0.029
−0.015−0.031 0.823
+0.014+0.028
−0.014−0.028 0.824
+0.014+0.027
−0.014−0.028
H0 64.11
+3.22+4.16
−1.70−4.93 66.98
+0.97+1.54
−0.66−1.72 67.09
+0.80+1.40
−0.67−1.55 67.51
+0.61+1.10
−0.52−1.16
TABLE II: The table displays the constraints on various free and derived cosmological parameters at 68% and 95% CL for
Model I using the usual cosmological probes, namely, P15, BAO and Pantheon. For the dark energy equation of state we
present its upper limits at 68% and 95% CL.
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FIG. 1: For the fiducial (Model I) model we first constrain the cosmological parameters using the datasets P15, P15+BAO,
P15+Pantheon and P15+BAO+Pantheon and then we use the best-fit of the parameters for “each dataset” to generate the
corresponding GW catalogue. Following this, in each panel we show dL(z) vs z catalogue with the corresponding error bars
for 1000 simulated GW events. The upper left and upper right panels respectively present the catalogue (z, dL(z)) with the
corresponding error bars for 1000 simulated events derived using the P15 alone and P15+BAO dataset. The lower left and
lower right panels respectively present the catalogue (z, dL(z)) with the corresponding error bars for 1000 simulated events
derived using the P15+Pantheon and P15+BAO+Pantheon datasets.
reflects the constraining power of GW. In a similar fash-
ion when we look at the other derived parameters of this
model, namely, Ωm0, σ8, one can draw similar conclusion,
that means the effects of GWs on the cosmological pa-
rameters is transparent. In fact, the free parameter, w,
is also affected significantly after the addition of GW to
P15. We see that the 68% upper bound on w for P15
alone is w < −0.854, which is significantly changed to
w < −0.974 after the addition of GW to P15. Now,
concerning the viscous speed of sound, c2vis, we find that
this parameter is neither constrained by P15 alone nor
the addition of GW to P15 helps to constrain it. We refer
6Parameters P15+GW P15+BAO+GW P15+Pantheon+GW P15+BAO+Pantheon+GW
Ωch
2 0.1190+0.0010+0.0018−0.0010−0.0020 0.1180
+0.0012+0.0021
−0.0011−0.0023 0.1181
+0.0010+0.0017
−0.0009−0.0019 0.1178
+0.0010+0.0018
−0.0009−0.0019
Ωbh
2 0.02226+0.00012+0.00025−0.00013−0.00024 0.02233
+0.00014+0.00028
−0.00014−0.00027 0.02234
+0.00012+0.00025
−0.00012−0.00024 0.02235
+0.00012+0.00026
−0.00013−0.00025
100θMC 1.04078
+0.00029+0.00057
−0.00030−0.00058 1.04092
+0.00031+0.00059
−0.00030−0.00059 1.04092
+0.00030+0.00058
−0.00030−0.00057 1.04095
+0.00029+0.00056
−0.00029−0.00056
τ 0.082+0.016+0.032−0.016−0.031 0.087
+0.017+0.032
−0.017−0.035 0.086
+0.018+0.031
−0.016−0.032 0.088
+0.018+0.031
−0.016−0.033
ns 0.9667
+0.0037+0.0073
−0.0036−0.0069 0.9692
+0.0040+0.0082
−0.0040−0.0078 0.9691
+0.0036+0.0072
−0.0036−0.0068 0.9700
+0.0036+0.0073
−0.0036−0.0070
ln(1010As) 3.096
+0.032+0.063
−0.032−0.061 3.104
+0.033+0.064
−0.033−0.067 3.103
+0.033+0.062
−0.032−0.065 3.105
+0.035+0.062
−0.031−0.067
w < −0.974 < −0.948 < −0.924 < −0.901 < −0.979 < −0.957 < −0.975 < −0.950
c2vis unconstrained unconstrained unconstrained unconstrained
Ωm0 0.317
+0.005+0.009
−0.005−0.009 0.319
+0.005+0.011
−0.006−0.010 0.310
+0.004+0.009
−0.004−0.009 0.309
+0.004+0.008
−0.004−0.008
σ8 0.824
+0.014+0.027
−0.014−0.027 0.815
+0.015+0.030
−0.015−0.030 0.825
+0.014+0.026
−0.014−0.027 0.824
+0.014+0.027
−0.014−0.028
H0 66.94
+0.39+0.75
−0.38−0.80 66.45
+0.63+1.13
−0.55−1.16 67.48
+0.39+0.69
−0.35−0.73 67.52
+0.42+0.70
−0.35−0.78
TABLE III: In this table we show the constraints on various free and derived cosmological parameters of Model I at 68% and
95% CL after the inclusion of GWSS data with the standard cosmological probes P15, BAO and Pantheon.
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FIG. 2: 1-dimensional marginalized posterior distributions of some key parameters of Model I for the datasets P15 and
P15+GW.
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FIG. 3: 2-dimensional contour plots showing the dependence of c2vis with other cosmological parameters of Model I for the P15
(red contours) and P15+GW (green contours) datasets.
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FIG. 4: 1-dimensional marginalized posterior distributions of some key parameters of Model I for the datasets
P15+BAO, P15+BAO+GW (upper panel), P15+Pantheon, P15+Pantheon+GW (middle panel) and P15+BAO+Pantheon,
P15+BAO+Pantheon+GW (lower panel).
Parameters P15 P15+BAO P15+Pantheon P15+BAO+Pantheon
Ωch
2 0.1191+0.0014+0.0027−0.0014−0.0027 0.1191
+0.0011+0.0022
−0.0011−0.0021 0.1195
+0.0014+0.0026
−0.0013−0.0026 0.1189
+0.0010+0.0022
−0.0011−0.0022
Ωbh
2 0.02228+0.00016+0.00031−0.00016−0.00030 0.02226
+0.00014+0.00029
−0.00015−0.00028 0.02224
+0.00014+0.00029
−0.00014−0.00029 0.02228
+0.00014+0.00029
−0.00015−0.00027
100θMC 1.04080
+0.00033+0.00062
−0.00033−0.00063 1.04080
+0.00030+0.00062
−0.00031−0.00059 1.04073
+0.00031+0.00064
−0.00032−0.00062 1.04083
+0.00031+0.00062
−0.00031−0.00060
τ 0.076+0.018+0.034−0.017−0.034 0.080
+0.017+0.033
−0.017−0.032 0.078
+0.017+0.033
−0.017−0.032 0.082
+0.017+0.033
−0.017−0.032
ns 0.9665
+0.0046+0.0093
−0.0046−0.0089 0.9665
+0.0040+0.0077
−0.0040−0.0079 0.9655
+0.0044+0.0087
−0.0044−0.0086 0.9671
+0.0042+0.0077
−0.0039−0.0078
ln(1010As) 3.085
+0.034+0.066
−0.034−0.066 3.093
+0.033+0.064
−0.033−0.062 3.091
+0.033+0.065
−0.034−0.064 3.095
+0.033+0.063
−0.032−0.065
w > −1.917 > −1.973 > −1.071 > −1.133 > −1.052 > −1.088 > −1.041 > −1.078
c2vis unconstrained unconstrained unconstrained unconstrained
Ωm0 0.195
+0.020+0.088
−0.055−0.063 0.296
+0.011+0.018
−0.008−0.020 0.303
+0.009+0.018
−0.009−0.018 0.301
+0.007+0.013
−0.007−0.014
σ8 0.989
+0.094+0.116
−0.052−0.139 0.845
+0.016+0.036
−0.019−0.034 0.841
+0.015+0.030
−0.015−0.029 0.839
+0.015+0.029
−0.015−0.029
H0 86.69
+12.21+14.14
−6.03−16.53 69.25
+0.80+2.33
−1.38−2.01 68.57
+0.80+1.73
−0.97−1.70 68.64
+0.60+1.40
−0.76−1.32
TABLE IV: The table presents the constraints on various free and derived cosmological parameters at 68% and 95% CL for
Model II using the usual cosmological probes, namely, P15, BAO and Pantheon. For the dark energy equation of state we
present its upper limits at 68% and 95% CL.
to Fig. 2 showing the 1D marginalized posterior distri-
butions for some key parameters of this scenario for P15
and P15+GW datasets. One may wonder that perhaps
the increase of the prior on c2vis may help to constrain,
however, this is not true in this case. We found that
even if the prior varies in the interval [0, 100], this pa-
rameter remains unconstrained. We also show Fig. 3
displaying the dependence of c2vis with other parameters
for P15 and P15+GW datasets. Thus, we find that even
if we add mock GW data to CMB from P15, GW data
do not add any extra constraining power to CMB from
P15 which might constrain c2vis.
We now discuss the next two datasets, namely
P15+BAO and its companion P15+BAO+GW. For a
quick view on the cosmological constraints we refer to
the third columns of both Table II and Table III. Addi-
tionally, for graphical views, we refer to the upper panel
of Fig. 4 which shows the 1D marginalized posterior dis-
tributions for some selected parameters. We find that the
addition of GW to P15+BAO shifts the higest peak of
H0 towards higher values and shifts Ωm0 towards lower
values. This is consistent since there is already a known
correlation between H0 and Ωm0. So, the addition of
GW does not alter such correlation. A similar but very
8Parameters P15+GW P15+BAO+GW P15+Pantheon+GW P15+BAO+Pantheon+GW
Ωch
2 0.1184+0.0012+0.0024−0.0012−0.0023 0.1194
+0.0010+0.0020
−0.0011−0.0019 0.1196
+0.0011+0.0023
−0.0012−0.0021 0.1184
+0.0009+0.0020
−0.0010−0.0020
Ωbh
2 0.02235+0.00014+0.00027−0.00014−0.00027 0.02220
+0.00013+0.00026
−0.00013−0.00026 0.02222
+0.00013+0.00025
−0.00013−0.00025 0.02233
+0.00013+0.00025
−0.00013−0.00026
100θMC 1.04091
+0.00030+0.00059
−0.00030−0.00061 1.04069
+0.00030+0.00059
−0.00031−0.00061 1.04074
+0.00030+0.00057
−0.00030−0.00059 1.04089
+0.00029+0.00058
−0.00029−0.00057
τ 0.085+0.017+0.033−0.017−0.033 0.078
+0.016+0.031
−0.016−0.033 0.078
+0.016+0.032
−0.016−0.033 0.083
+0.016+0.031
−0.016−0.033
ns 0.9683
+0.0043+0.0080
−0.0042−0.0085 0.9657
+0.0037+0.0073
−0.0037−0.0073 0.9652
+0.0042+0.0073
−0.0039−0.0078 0.9683
+0.0038+0.0073
−0.0038−0.0079
ln(1010As) 3.101
+0.033+0.064
−0.033−0.065 3.089
+0.031+0.061
−0.031−0.064 3.090
+0.032+0.062
−0.033−0.064 3.098
+0.035+0.066
−0.032−0.066
w > −1.084 > −1.114 > −1.055 > −1.093 > −1.06 > −1.091 > −1.046 > −1.075
c2vis unconstrained unconstrained unconstrained unconstrained
Ωm0 0.292
+0.004+0.008
−0.004−0.008 0.303
+0.006+0.010
−0.005−0.010 0.304
+0.005+0.010
−0.005−0.010 0.299
+0.004+0.008
−0.004−0.008
σ8 0.847
+0.015+0.031
−0.016−0.030 0.840
+0.015+0.029
−0.015−0.029 0.841
+0.014+0.028
−0.014−0.028 0.838
+0.015+0.029
−0.015−0.030
H0 69.63
+0.48+1.05
−0.57−0.94 68.52
+0.48+1.18
−0.67−1.08 68.52
+0.49+1.09
−0.59−1.04 68.83
+0.41+0.93
−0.50−0.82
TABLE V: In this table we show the constraints on various free and derived cosmological parameters of Model II at 68% and
95% CL after the inclusion of GWSS data with the standard cosmological probes P15, BAO and Pantheon.
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FIG. 5: The plots reflect the effects on the CMB TT spectra
for Model I taking various values of the viscous sound speed,
c2vis. As Model I restricts the dark energy equation of state,
w in the quintessence region, so we fix w = −0.95 and the
remaining parameters have been taken from the combined
analysis P15+BAO+Pantheon (see the last column of Table
II). Note that the qualitative behavior of the plots do not
change if one varies the dark energy equation of state. From
the right plot one can see that as long as c2vis increases, a
very mild deviation of the curves with c2vis 6= 0 from the curve
represening c2vis = 0 (no anisotropic stress) appears.
small shift of the σ8 parameter is also observed. Con-
cerning the dark energy equation of state, w, we have an
interesting observation. From the 1D posterior distribu-
tion of w (upper panel of Fig. 4) we see that after the
inclusion of GW to P15+BAO, we find the highest peak
of w which was absent for the usual CMB+BAO analy-
sis. Finally, we notice that the parameter c2vis remains
unconstrained for both the datasets, namely, P15+BAO
and P15+BAO+GW. So, we see that the addition of GW
to CMB+BAO does not alter the nature of this param-
eter.
We now consider the following two cases, namely
CMB+Pantheon and CMB+Pantheon+GW. The results
are summarized in the fourth columns of both Table II
and Table III. And we refer to the middle panel of Fig.
4 for a quick look on the 1D posterior distributions of
some important parameter before and after the inclusion
of GW to the corresponding dataset (i.e., P15+Patheon).
Our results are very clear and straightforward. In a sim-
ilar fashion to the previous two analyses (i.e. P15+BAO
and P15+BAO+GW), here too, we find that the addi-
tion of GW to P15+Pantheon shifts the highest peak of
the Hubble constant towards higher values having an ad-
ditional shift of Ωm0 towards its lower values. However,
the parameter space of both H0 and Ωm0 are certainly
improved due to GW. In addition we do not find any
changes to the parameter space of σ8, which is clear if
one looks at the 1D posterior distribution of this param-
eter. Moreover, we have a different result when one looks
at the 1D posterior of w for both CMB+Pantheon and
P15+Pantheon+GW. One could see that in contrary to
the previous observation with P15+BAO+GW, the peak
of w disappears in this case. Finally, our conclusion re-
garding the viscous sound speed, c2vis remains same, that
means it is again unconstrained for both the datasets.
Lastly, we come to the last two datasets in
this series, namely, P15+BAO+Pantheon and
P15+BAO+Pantheon+GW. The last columns of
both Table II and Table III summarize the constraints
on the model parameters and the lower panel of Fig. 4
displays the 1D posterior distributions of some important
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FIG. 6: 1-dimensional marginalized posterior distributions of some key parameters of Model I for the datasets P18 and
P18+GW.
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FIG. 7: For the fiducial (Model II) model we first constrain the cosmological parameters using the datasets P15, P15+BAO,
P15+Pantheon and P15+BAO+Pantheon and then we use the best-fit of the parameters for “each dataset” to generate the
corresponding GW catalogue. Following this, in each panel we show dL(z) vs z catalogue with the corresponding error bars
for 1000 simulated GW events. The upper left and upper right panels respectively present the catalogue (z, dL(z)) with the
corresponding error bars for 1000 simulated events derived using the P15 alone and P15+BAO dataset. The lower left and
lower right panels respectively present the catalogue (z, dL(z)) with the corresponding error bars for 1000 simulated events
derived using the CMB+Pantheon and P15+BAO+Pantheon datasets.
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FIG. 8: 1-dimensional marginalized posterior distributions of some key parameters of Model II for the datasets P15 and
P15+GW.
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FIG. 9: 2-dimensional contour plots for Model II showing the dependence of c2vis with other cosmological parameters for the
P15 (red contours) and P15+GW (green contours) datasets.
68 70 72 74
H0
0.255 0.270 0.285 0.300 0.315
Ωm0
0.81 0.84 0.87 0.90
σ8
1.26 1.20 1.14 1.08 1.02
w
10 8 6 4 2 0
c2vis
Model II: P15+BAO Model II: P15+BAO+GW
66.0 67.5 69.0 70.5 72.0
H0
0.270 0.285 0.300 0.315 0.330
Ωm
0.800 0.825 0.850 0.875 0.900
σ8
1.16 1.12 1.08 1.04 1.00
w
10 8 6 4 2 0
c2vis
Model II: P15+Pantheon Model II: P15+Pantheon+GW
67.5 69.0 70.5
H0
0.285 0.300 0.315
Ωm0
0.800 0.825 0.850 0.875 0.900
σ8
1.14 1.11 1.08 1.05 1.02
w
10 8 6 4 2 0
c2vis
Model II: P15+BAO+Pantheon Model II: P15+BAO+Pantheon+GW
FIG. 10: 1-dimensional marginalized posterior distributions for some key parameters of Model II for the datasets
P15+BAO, P15+BAO+GW (upper panel), P15+Pantheon, P15+Pantheon+GW (middle panel) and P15+BAO+Pantheon,
P15+BAO+Pantheon+GW (lower panel).
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FIG. 11: The plots reflect the effects on the CMB TT spectra
for Model II taking various values of the viscous sound speed,
c2vis. As Model II restricts the dark energy equation of state,
w in the phantom region, so we fix w = −1.1 and the remain-
ing parameters have been taken from the combined analysis
P15+BAO+Pantheon (see the last column of Table IV). Note
that the qualitative behavior of the plots do not change if one
varies the dark energy equation of state. From the right plot
one can see that as long as c2vis increases, a very mild devi-
ation of the curves with c2vis 6= 0 from the curve represening
c2vis = 0 (no anisotropic stress) appears.
parameters of this model. Looking at the lower panel of
Fig. 4, specially for H0 and Ωm0 we find their improve-
ments after the inclusion of GW, however, we do not find
any shifts of the highest peaks of H0 and Ωm0 in their
posterior distributions in contrary to the earlier cases,
such as P15+BAO+GW and P15+Pantheon+GW.
Here we again see that the parameter c2vis is still
unconstrained for both the datasets. So, GW data seem
to be unable to constrain this particular parameter.
One can try to understand this unconstrained nature
of the viscous sound speed through Fig. 5 where we
have displayed how various values of c2vis can affect the
temperature anisotropy in the CMB spectra. The left
plot of Fig. 5 shows the CMB TT spectra while in the
right plot of Fig. 5 we have shown the corresponding
residual plot. As one can see, in the lower multipoles
region (l < 10) a very mild deviation in the CMB TT
spectra from c2vis = 0 appears (see the right plot of
Fig. 5) due to the Integrated Sachs-Wolfe (ISW) effects
coming from non-zero anisotropic stress in DE, see also
[36].
When we finished all the analyses of this paper, Planck
released its final CMB data [106, 107]. We then wanted
to check whether the new CMB data from Planck 2018
final release (P18 as referred in the text) could constrain
the parameter, c2vis of this scenario. We found that P18
data are also unable to constrain c2vis which is also uncon-
strained by the earlier P15 data. To illustrate this nature,
in Fig. 6 we have shown the 1-dimensional posterior dis-
tributions of some key parameters of this model showing
the constraining power of P18 data alone and also the
effects of GW on c2vis after its inclusion to P18. From
the present analyses, we have clearly visualized that the
unconstrained nature of c2vis is not controlled by any of
the employed external datasets, such as BAO, Pantheon,
etc. And we have seen that when P15 data are unable to
constrain c2vis, this parameter remains unconstrained by
the external datasets. Thus, since P18 data remain un-
able to constrain c2vis, there is no reason to consider other
external datasets with P18 in order to check whether the
viscous sound speed will be constrained or not. Hence,
we do not consider these combinations for this work. The
nature of c2vis will actually be the same in this case.
4.2. Model II: c2vis < 0, w < −1
In Table IV we show the constraints on the model
parameters using the usual cosmological probes and in
Table V we show the constraints on the model parame-
ters after the inclusion of the simulated GWs data to the
usual cosmological probes. Thus, Table IV and Table V
summarize the main results on this model.
Now, following the similar pattern as with Model I we
analyze this model as well. Thus, we first focus on the
datasets namely P15 and P15+GW and discuss how the
GWs data could improve the constraints on various free
and derived parameters of this model. Looking at the
constraint on H0, one can quickly realize the effects of
GWs onto it. From P15 alone, H0 = 86.69
+12.21
−6.03 (68%
CL) while when GWs are added to P15, then H0 is re-
duced both in its mean values as well as in its error bars,
H0 = 69.63
+0.48
−0.57 (68% CL, P15+GW). In fact, the er-
ror bars on H0 are reduced by a factor of more than 10.
Thus, a real effect on the H0 parameter for the intro-
duction of GWs data is clearly visible. Similar effects on
other cosmological parameters are equally evident. As
one can see that the equation-of-state for dark energy is
significantly improved after the addition of GWs to P15.
More explicitly, the upper limit (at 68% CL) of the dark
energy equation of state changes from w > −1.917 (P15)
to w > −1.084 (P15+GW). Thus, looking at the con-
straints on w, one can clearly conclude that the inclusion
of GWs to P15 not only decreases the mean values of w
taken for P15 data alone, but also this reduces the er-
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FIG. 12: 1-dimensional marginalized posterior distributions for some parameters of Model II for the datasets P18 and P18+GW.
ror bars of w that arise from P15 data only. Finally, we
come to the most important part of this work, namely
the behaviour of c2vis. We found that neither CMB nor
P15+GW could constrain this parameter. Exactly simi-
lar conclusion has been found for Model I. So, irrespec-
tive of the dark energy equation of state, this parameter
remains constrained. In Fig. 8 we show the 1D marginal-
ized posterior distributions of some important param-
eters discussed just above for the P15 and P15+GW
datasets. Moreover, in order to explicitly present the
behaviour of c2vis with other parameters, we present the
2D joint contours in Fig. 9.
For rest of the analyses with other cosmological
datasets, we refer to Fig. 10 showing the 1D marginal-
ized posterior distributions of some selected parameters.
In particular, the upper panel of Fig. 10 compares
the constraints on the model parameters for P15+BAO
and its companion P15+BAO+GW. The lower panel
of Fig. 10 similarly compares the constraints from
P15+Pantheon and P15+Pantheon+GW and finally the
last panel of Fig. 10 compares the constraints of some se-
lective model parameters for P15+BAO+Pantheon and
P15+BAO+Pantheon+GW. From Fig. 10 it is clear that
due to the inclusion of GW to the standard cosmological
datasets, some of the model parameters are affected, for
instance the effects on H0 and Ωm0 are pretty clear while
the effects on w are not so pronounced much. However,
the parameter on which we concentrate our focus in this
work, namely, c2vis, is still unconstrained irrespective of
either the usual cosmological probes or the inclusion of
GW to them. So, effectively even if we include the GW
data into the standard cosmological probes, this specific
parameter remains unconstrained, that means GW fails
to constrain it. Similar to Model I, in Fig. 11 we show
the temperature anisotropy in the CMB spectra for var-
ious values of c2vis. The left plot of Fig. 11 shows the
CMB TT spectra whilst the right plot of Fig. 11 shows
the corresponding residual plot. Similarly, we notice a
very mild deviation in the CMB TT spectra in the lower
multipoles region (l < 10) from c2vis = 0 (see the right
plot of Fig. 5) due to the Integrated Sachs-Wolfe (ISW)
effects coming from non-zero anisotropic stress in DE,
also see [36].
Finally, similar to Model I, here too, we consider the
analyses with P18 and P18+GW. The results are shown
in Fig. 12. One can clearly see that P18 data are unable
to constrain the parameter c2vis which is unconstrained
also by the P15 data.
5. CONCLUSION AND THE FINAL REMARKS
In this article we have considered a very general cosmo-
logical framework in which the dark energy component
has an anisotropic stress. Our aim is to constrain the
anisotropic stress of dark energy in terms of the viscous
sound speed c2vis using the usual cosmological probes,
namely, CMB from Planck 2015 (P15), CMB from Planck
2018 (P18), BAO, Pantheon and then measure the con-
straining power of GWs data. We have considered two
different scenarios as follows: (i) Model I where c2vis > 0,
and w > −1 and (ii) Model II in which c2vis < 0, and
w < −1.
We started our analyses with a number of cosmolog-
ical probes, such as, P15, P15+BAO, P15+Pantheon
and P15+BAO+Pantheon and afterwards we mea-
sured the effects of the GW data from Einstein Tele-
scope for the combinations P15+GW, P15+BAO+GW,
P15+Pantheon+GW and P15+BAO+Pantheon+GW.
For Model I, the results of our analyses have been shown
in Table II (without GWSS) and Table III (with GWSS).
In order to understand the effects of GWSS on the un-
derlying scenario, we have shown the 1D posterior dis-
tributions of some key parameters in Fig. 2 (only for
P15 and P15+GW) and in Fig. 4 (for the remaining
datasets). For Model II, Table IV (without GWSS), Ta-
ble V (with GWSS) summarize the main observational
constraints on the parameters. In a similar fashion, for
this model scenario we have shown the 1D posterior dis-
tributions of some key parameters in Fig. 8 (only for the
datasets P15 and P15+GW) and in Fig. 10 aiming to
exhibit the constraining power of GW. From the analy-
ses, we find that the simulated GWSS data are able to
provide stringent constraints on the cosmological param-
eters, specifically, we find GWSS data very powerful to
constrain some of the key cosmological parameters of the
scenarios, such as the Hubble constant, H0, density pa-
rameter for the matter sector, Ωm0, and the dark energy
equation of state, w. However, the parameter c2vis re-
mains degenerate with every parameter of the model and
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this does not alter even after the inclusion of the GWSS
data to the standard cosmological probes. This is pretty
clear from all the plots (see for instance, Figs. 2, 4, 8,
10) shown in this article. This is a striking and surprising
fact of this work where in one hand we see that GW data
are extremely effective to reduce the parameter space by
reducing their error bars, while on the other hand, this is
not true for the viscous sound speed. We then employed
the latest and final CMB data from Planck (labeled as
P18) to analyse the models in order to see whether the
new CMB data, i.e. P18 and also its combination with
GW data, namely, P18+GW could effectively constrain
the parameter c2vis which has been unconstrained for the
previous datasets. We found that neither the final P18
data nor the combined data P18+GW are able to con-
strain this parameter (see Fig. 6 for Model I and Fig.
12 for Model II). We already found that when P15 and
P15+GW datasets are unable to constrain c2vis, the in-
clusion of external datasets, such as, BAO, Pantheon etc
do not add any extra constraining power beyond P15 and
P15+GW so that this parameter is constrained. Thus,
it is clear that the inclusion of those external datasets
to P18 will not be helpful in this case as well. Hence,
novel and complementary astrophysical probes need to
be found to probe the value of c2vis.
Interestingly, some complimentary probes have shown
considerable progress in this direction. It Refs. [33, 38]
the authors took an attempt to forecast the constraints
on the viscous sound speed, c2vis, using the Euclid and
Planck surveys and found that the parameter c2vis can be
well constrained using those future surveys. This is cer-
tainly a fascinating report since the usual cosmological
probes are unable to constrain this viscous sound speed.
On the other hand, recently using the model indepen-
dent approaches, the anistropic stress parameter has been
confronted in presence of the observational data [30, 31].
The results in [30, 31] strongly suggest that a non-zero
value of the anisotropic stress parameter is supported by
recent observations and this consequently implies either
the modification of underlying gravitational theory or the
existence of an imperfect dark energy fluid clustering at
sub-horizon scales. Additionally, one can also model the
anisotripc stress linked either with the DE density or DM
density as in [35] and within such scenarios, the underly-
ing parameters quantifying the anisotropic stress in dark
energy can be well constrained as least using the CMB
data Planck as well as other cosmological probes, see [35]
for details.
However, the investigations are not over and the cosmic
picture is still not perfectly clear. Although the future
cosmological survey EUCLID [115, 116]) has played a
crucial role [33, 38], however, other upcoming surveys are
equally important for a better picture on the dark energy
anisotropic stress. Thus, we believe that CMB Stage-
4 [117], Dark Energy Spectroscopic Instrument (DESI)
[118], Large Synoptic Survey Telescope (LSST) [119, 120,
121], Simons Observatory [122], should be employed in
this framework for a clear visualization on this scenario.
Such an analysis is left for a future work.
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